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We develop a complete resource theory of charge-parity-time (CPT) inversion symmetry for both
massive and massless relativistic particles of arbitrary spin. We show that a unitary representation
of CPT can be consistently constructed for all spins and develop the resource theory associated
with CPT super-selection, thereby identifying and quantifying the resources required to lift the
super-selection rule.
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I. INTRODUCTION
Due solely to Lorentz invariance and the linearity of
quantum mechanics, physical laws are invariant under
charge, parity, and time inversion, thus making charge-
pariy-time (CPT) symmetry one of the most fundamen-
tal symmetries in physics [1–3]. Experimental evidence
overwhelmingly supports the notion that physical laws
are Lorentz invariant [4] and thus also CPT invariant [5].
Symmetry in quantum mechanics is mathematically
described by a group G of transformations. This sym-
metry implies the presence of invariant states which lead
to restrictions on the allowed set of states for the quan-
tum mechanical system. Specifically, these restrictions
give rise to a super-selection rule (SSR) [6], which for-
bids coherent superpositions of certain quantum states.
SSRs are formally equivalent to the lack of a quan-
tum frame of reference [7]. Examples of SSRs include
those associated with charge [6, 8], orientation [9], chi-
rality [6, 10, 11], and phase [8, 12, 13]. SSRs may be
circumvented by employing the reference frame resource
known as frameness which quantifies the degree for which
a given resource is inherent in a shared reference frame.
Such frameness resources correspond to states that are
asymmetric with respect to G [14].
The fundamental nature of CPT symmetry implies the
existence of invariant states, which in turn imply the ex-
istence of an SSR. As with other SSRs, the CPT-SSR can
be circumvented by consuming appropriate frameness re-
sources. The CPT-SSR thus corresponds to the lack of
a quantum reference frame between matter and antimat-
ter. By treating CPT as an indecomposable symmetry,
in accordance with the Feynman-Stueckelberg interpre-
tation of anti-matter [15–18], CPT-SSR and frameness
have been analyzed for the cases of massive and massless
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spin s = 0, 12 , and 1 particles as well as for Majorana
fermions and Weyl spinors [19].
In this treatment, CPT symmetry was represented by
a matter-to-antimatter unitary operator with different
forms depending on s and whether a given particle pos-
sesses mass or not, but the analysis was restrictive in that
it pertained only to low-spin cases with definite three-
momentum p.
Here we develop a fully general theory of CPT frame-
ness beyond the spin and momentum restrictions of
the previous work [19]. Specifically we employ the
Bargmann-Wigner equations [20] to construct unitary
CPT maps for generalized relativistic Dirac equations
with arbitrary s and extend the unitary operator domain
from a single value of thee-momentum p to the full con-
tinuum p ∈ R3. Furthermore, we show that CPT requires
a unitary representation to yield a consistent, unambigu-
ous resource theory. Our general theory of CPT frame-
ness uses an information-theoretic operational measure
to distinguish states without frameness resources from
those with these resources.
The outline of the paper is as follows. In Sec. II we
review the restrictions arising from a general SSR asso-
ciated with a symmetry group G of transformations and
the equivalent resource theory. We also prove that in
order for any resource theory to be consistent and un-
ambiguous in the classification of its resources, the rep-
resentation of G must necessarily be unitary.
In Sec. III we make use of the Bargmann-Wigner equa-
tions and thereby provide an algorithmic procedure for
constructing unitary representations of the CPT operator
for massive (Sec. III B) and massless (Sec. III C) relativis-
tic particles of spin s > 1 and fixed three-momentum p.
Our procedure is prescriptive and allows one to identify
CPT invariant and non-invariant states for all relativis-
tic particles of spin s > 1. In Sec. III D we prove that
there exists a unitary extension of the CPT operator for
relativistic particles of arbitrary spin and general three-
momentum p.
In Sec. IV we develop the full resource theory for
CPT-SSR, distinguish between non-resource and re-
2source states, and establish a hierarchy of resources for
CPT-SSR by quantifying the amount of information such
resources carry about the requisite matter-antimatter ref-
erence frame. In Sec. V we demonstrate that quantum
information processing can be performed despite CPT-
SSR restrictions. Finally, Sec. VI contains our summary
and conclusions.
II. SUPERSELECTION AND QUANTUM
FRAMENESS
In this section we briefly summarize the resource the-
ory due to restrictions imposed by the lack of a frame of
reference associated with some group G [7]. In particu-
lar, we provide the necessary mathematical background
required to formulate such a resource theory and identify
resources and non-resources for such a theory.
SSRs were introduced as axiomatic restrictions to
quantum theory, namely forbidding certain coherent su-
perpositions of quantum states or measurements [6, 21].
For C—a conserved quantity represented by Hermitian
operator Cˆ—and for {|ci〉}—the corresponding eigenba-
sis for the Hilbert space H —a C-based SSR states that,
for all observables O,
〈ci| O |cj〉 = 0. (1)
Consequently, any coherent superposition
|φ〉 = α |ci〉+ β |cj〉 ∈ H (2)
is operationally indistinguishable from the mixed state
ρ = |α|2 |ci〉 〈ci|+ |β|2 |cj〉 〈cj| ∈ S(H ) (3)
for S(H ), the set of trace-class positive operators cor-
responding to physical states [22]. Thus, the only states
ρ ∈ S(H ) that can be prepared in the presence of a
C-based SSR are those for which [22]
[Cˆ, ρ] = 0. (4)
As coherent superpositions of different eigenstates of Cˆ
can neither be observed nor prepared, the Hilbert space
H of any quantum system subject to an SSR can be
conveniently written as
H ∼=
⊕
c
H
(c);H (c) := {|ci〉 ; Cˆ |ci〉 = c |ci〉} (5)
with H (c) the eigenspaces, or charge sectors, correspond-
ing to distinct eigenspaces of the operator Cˆ. In addition,
a SSR also imposes restrictions on the types of operations
that can be performed. Specifically, the only allowed uni-
tary transformations, U , that can be performed under an
SSR are those that satisfy [7]
[U, Cˆ] = 0. (6)
We now show that the restrictions imposed by the lack
of a requisite frame of reference are formally equivalent
to an SSR.
A reference frame is a physical system whose degrees of
freedom possess an inherent asymmetry with respect to
a particular group of transformations. Hence, lacking a
reference frame for a particular degree of freedom is tan-
tamount to having a symmetry with respect to a group
of transformations which, by Noether’s theorem [23], im-
plies that there exists a corresponding conserved quan-
tity.
In quantum frameness theory, the SSR restriction
arises due to action by the group of transformations G
of the reference frame [7]. The Hilbert space H carries
a representation T of G. By a representation we refer to
the mapping T : G→ S(H ), which preserves the group
structure:
T
(
g−1
)
= T−1(g), T (gg′) = T (g)T (g′), ∀g, g′ ∈ G. (7)
The Hilbert space carries a representation T of G,
H ∼=
⊕
λ
H
(λ), (8)
with λ denoting irreducible representations T (λ) present
in T , and H (λ) denoting the irreducible subspaces that
carry T (λ). Equation (8) is identical to Eq. (5), with λ
denoting the value of the conserved quantity associated
with the requisite frame of reference.
When lacking a frame of reference, the only states that
can be prepared are those that satisfy
T (g)ρT−1(g) = ρ, ∀g ∈ G. (9)
Quantum states that obey Eq. (9) are called G invariant
and constitute the set of non-resource states.
Any state not satisfying Eq. (9) possesses an inherent
asymmetry with respect to the group of transformations
{T (g) : g ∈ G} and is therefore a “frameness” (or “asym-
metry”) resource [7]. Similarly, the only allowable state
transformations are those that commute with every ele-
ment of the representation T . Such transformations are
called G covariant maps [7]. A map
E : S(H )→ S(H ) (10)
is G-covariant if
T (g)E(ρ)T−1(g) = E (T (g)ρT−1(g)) ∀ρ ∈ S(H ). (11)
A resource theory’s primary objective is to identify re-
sources and to separate them from non-resources subject
to a set of SSR restrictions. Resources are distinguished
from non-resources by the fact that resources cannot be
generated from non-resources via SSR-restricted oper-
ations [14]. Non-resources can, however, be generated
from resources under SSR restrictions. Thus, the restric-
tion on transformations creates two categories of states:
non-resources that only undergo reversible transforma-
tions among each other; and resources that can undergo
3irreversible transformations in a sense being consumed,
thus rendering them non-resources [7, 14].
Consistency of a resource theory implies that a G-
invariant state cannot be transformed via G-covariant
maps to a state that is not G-invariant [14]. We now
proceed to show that a resource theory employing a uni-
tary representation T of G is consistent. Furthermore
the distinction between resource states and non-resource
states is unambiguous and always completely consistent.
In quantum mechanics, a system’s conservative dy-
namics is represented by a unitary transformation. A
representation T of some group G corresponding to dy-
namical symmetry is unitary if and only if each operator
T (g); g ∈ G ∀G is unitary [24]. Then Eq. (11) implies
that the transformation of a state ρ by a unitary opera-
tor U satisfies
T (g)U(ρ) = U(ρ)T †(g) ∀g ∈ G. (12)
As this equality holds for all states ρ, we have
[T (g), U ] = 0 ∀g ∈ G. (13)
Now suppose the system, initially in a G-invariant
state ρ0, evolves under the action of a Hamiltonian Hˆ.
As the restriction applies to every operation, including
infinitesimal ones, the Hamiltonian must also commute
with the representation; i.e.
[T (g), Hˆ] = 0 ∀ g ∈ G. (14)
Let us assume that the pure state ρ0 = |ψ(t0)〉 〈ψ(t0)| is
G invariant. After a finite time t1, the state evolves to
ρ(t1) = e
−iHˆ(t1−t0)ρ0e
+iHˆ(t1−t0). (15)
As T (g) is unitary, Eq. (14) implies
T (g)e−iHˆ(t1−t0) = e−iHˆ(t1−t0)T (g) ∀ g ∈ G, (16)
and
T (g)ρ(t1)T
†(g) =T (g)e−iHˆ(t1−t0)ρ0e
+iHˆ(t1−t0)T †(g)
=e−iHˆ(t1−t0)T (g)ρ0T
†(g)e+iHˆ(t1−t0)
=ρ(t1). (17)
In other words, the state at t1 remains G invariant and
is thus a non-resource state.
We now consider the case for which the operator T (g)
is anti-unitary for some g ∈ G. An anti-unitary operator
A : H → H is an anti-linear map such that, for any two
states |ψ〉 , |φ〉 ∈ H ,
〈Aψ |Aφ〉 = 〈ψ |φ〉∗ . (18)
The adjoint A† of an anti-unitary operator is defined as
〈
A†ψ |φ〉 := 〈ψ |Aφ〉∗ (19)
and is also anti-unitary with A†A = AA† = 1 [25, 26].
Consider then the evolution of an initially pure G-
invariant state, |ψ(t0)〉, under the action of Hamilto-
nian Hˆ, that commutes with the anti-unitary operator
T (g). A finite time t1 later, the state becomes
|ψ(t1)〉 = e−iHˆ(t1−t0) |ψ(t0)〉 . (20)
Using Eq. (14), expanding the exponential e−iHˆ(t1−t0) in
powers of Hˆ , and employing the fact that
T (g)
(
iHˆ
)
= −
(
iHˆ
)
T (g) (21)
for anti-unitary T (g), we deduce that
T (g)e−iHˆ(t1−t0) = e+iHˆ(t1−t0)T (g) ∀ g ∈ G (22)
and
T (g) |ψ(t1)〉 =T (g)e−iHˆ(t1−t0) |ψ(t0)〉
=e+iHˆ(t1−t0)T (g) |ψ(t0)〉 . (23)
As
T (g) |ψ(t0)〉 = |ψ(t0)〉 , (24)
in order for |ψ(t1)〉 to remain G-invariant,
|ψ(t1)〉 = T (g) |ψ(t1)〉 = e+iH(t1−t0) |ψ(t0)〉 (25)
must hold. Equations (20) and (25) imply
|ψ(t0)〉 = e−2iHˆ(t1−t0) |ψ(t0)〉 ∀t1 ∈ R, (26)
which can only be true for stationary states.
In fact, not all G-invariant states can both be station-
ary and satisfy Eq. (26). Thus, choosing the G-invariant
state |ψ(t0)〉 to be non-stationary, i.e., not an eigenstate
of the Hamiltonian, then |ψ(t0)〉 evolves to a different
state, |ψ(t1)〉 (6= |ψ(t0)〉). Hence, we have shown that
T (g) |ψ(t1)〉 6= |ψ(t1)〉 (27)
which implies that |ψ(t1)〉 becomes a resource state for
any t1 > t0.
We have therefore demonstrated that, in the presence
of an anti-unitary group operator, the distinction be-
tween resource states and non-resource states is violated,
and a non-resource state at a given time can evolve into
a resource state under dynamics that satisfy the restric-
tions. A similar argument holds for mixed states
T (g)ρ(t1)T (g) =T (g)e
−iHˆ(t1−t0)ρ(t0)e
+iHˆ(t1−t0)T †(g)
=e+iHˆ(t1−t0)ρ(t0)e
−iHˆ(t1−t0)
6=ρ(t1). (28)
Devising a resource theory associated with an anti-
unitary representation faces another related problem. A
resource theory classifies resources and orders them from
4strong to weak [14]. This task of ordering resources
by strength entails quantifying resources in a consistent
manner. A highly resourceful state can be transformed
to a less resourceful state under the SSR but not the
reverse [7, 14].
For a consistent resource theory, the relative strength
of resources can be quantified in terms of real, positive
monotone functions of the states known as resource mea-
sures [14]. For quantum reference frames and their as-
sociated symmetry groups, the relevant measure is the
frameness, or asymmetry, measure, F : S(H ) → R+,
which must remain the same under any reversible trans-
formation. In particular,
F
(
T (g)ρT †(g)
) ≡ F (ρ), ∀g ∈ G. (29)
The value of a measure for a given state in quantum
theory cannot depend on the basis in which the state
is expressed, as a quantum state is fully described by a
unique density operator independent of a choice of ba-
sis for the Hilbert space [27]. In contrast, if a resource
theory exists for an anti-unitary representation, then any
corresponding measure of frameness necessarily depends
on the basis choice.
This basis-dependent property is made clear by observ-
ing that any basis change can be expressed as a passive
unitary transformation U , whereas the form of an anti-
unitary operator depends on the basis choice. As the
measure F must satisfy Eq. (29), the form of the measure
must also depend on the choice of basis. Such a resource
theory cannot be completely consistent as it would imply
that the resourcefulness of a state is ambiguous since it
can change due to a basis transformation, which is not
in itself a meaningful physical operation.
As an example, consider the case of a reference frame
for the direction of time [28]. The relevant group of
transformations is isomorphic to the finite group of two
elements Z2 with the representation corresponding to
time-reversal symmetry which is necessarily anti-unitary.
For the Z2 class of transformations, resource states are
qubits (two-level systems), and the corresponding frame-
ness measure is [28]
τ(|ψ〉) = 1− |〈ψ∗| ψ〉| (30)
with |ψ∗〉 denoting the state obtained by conjugating all
coefficients for the state |ψ〉.
For the anti-unitary representation, the frameness
measure given by Eq. (30) is clearly basis dependent. In
particular, for a given {|0〉 , |1〉} basis, where
|ψ〉 = ψ0 |0〉+ ψ1 |1〉 , (31)
the value of the measure is equal to
τ(|ψ〉) = 1− ∣∣ψ20 + ψ21∣∣ . (32)
Therefore, we have to conclude that such a resource the-
ory is not consistent and that, in general, a consistent
resource theory cannot be developed for the case that H
carries an anti-unitary representation of G.
In the next section we construct a unitary representa-
tion of the CPT operator for massive and massless rel-
ativistic quantum mechanical systems of arbitrary spin
s > 1.
III. UNITARY REPRESENTATION FOR CPT
As anti-unitary representations are problematic for
frameness, in this section we devise a procedure for con-
structing unitary representations of the CPT operator
for relativistic quantum systems of arbitrary spin s > 1,
extending the construction of [19]. Our algorithm com-
prises the following three steps:
(i) the construction of relativistically covariant equa-
tions describing massive and massless particles of
arbitrary spin;
(ii) a state space of solutions for these equations; and
(iii) the construction of a unitary CPT operator acting
on the state space of solutions.
Steps (i) and (ii) for the case of massive particles of spins
s > 1 are given in Sec. III B and, for massless particles, in
Sec. III C. Step (iii) has been shown previously only for
a subspace of the entire state space of solutions, namely
for all states with a fixed p ∈ R3 [19]. In Sec. III D,
we show that the CPT operator can be extended to the
entire state space of solutions in such a way that unitarity
is preserved.
A. Basis States and Transformations
In the Feynman-Stueckelberg interpretation [17] the
image of a particle with mass m, spin s, linear three-
momentum p, and energy
E =
√
|p|2c2 + (mc2)2 (33)
under the action of CPT is an antiparticle of the same
mass and energy with its spin and three-momentum re-
versed. The particle’s internal degrees of freedom, such
as electric charge, baryon number, and lepton number,
are inverted.
In terms of the universally conserved internal symme-
tries, the total internal quantum number is
u := Q+ (B − L) (34)
with Q the total electric charge and B − L the differ-
ence between total baryon number B and total lepton
number L. We note that, whereas in some theories B
and L are not individually conserved, their difference (B-
L), known as the chiral anomaly, is conserved [29]. As m
5and E are CPT invariant, the particle basis state |u, s,p〉
transforms as
CPT |u, s,p〉 = eiθCPTu,s,p |−u,−s,−p〉 (35)
with
θCPTu,s,p = θ
CPT
−u,−s,−p ∈ [0, 2π) (36)
a global phase.
The state |u, s,p〉 is not a valid Hilbert-space state as
it is not normalizable for p ∈ R3 but is well defined as
a distribution in the distribution space Φ∗, which is dual
to the nuclear space of test functions Φ in the Gel’fand
triple (or rigged Hilbert space) [30]
(Φ,H ,Φ∗). (37)
Observables are expressed as complex-valued function-
als of test functions and distributions. Here we employ
the Dirac adjoint representation to ensure covariance and
unitarity throughout [31].
To construct unitary projective representations of
{1, CPT }, we proceed as follows. Consider the set of
operators
{1, C, PT, CPT }, (38)
which under composition form a unitary projective rep-
resentation of the (Abelian) Klein four-group Z2 × Z2.
The action of {1, C, PT, CPT } with respect to the
states |u, s,p〉 that span the space of distributions Φ∗
is given by
{|u, s,p〉 , eiθPTu,s,p |u,−s,−p〉 =: PT |u, s,p〉 ,
eiθ
C
u,s,p |−u, s,p〉 =: C |u, s,p〉 ,
eiθ
CPT
u,s,p |−u,−s,−p〉 =: CPT |u, s,p〉} (39)
with θCPTu,s,p = θ
PT
u,s,p + θ
C
u,s,p. Now if T is a representa-
tion of a group G, then it is also a representation of any
subgroup, S, of G. Moreover, if T is an irreducible rep-
resentation of G, then the restriction of T to S yields,
in general, a reducible representation. Indeed, the repre-
sentation in Eq. (39) is a projective representation of the
subgroup {1, CPT }, which is equivalent to Z2.
The states
{|±u,±s,±p〉} (40)
are the solutions to a relativistically covariant differen-
tial equation that describes a quantum-mechanical sys-
tem with internal quantum number u, spin s, and three-
momentum p. Whereas explicit equations exist for low
values of s, such as the Klein-Gordon equation for s = 0,
the Dirac equation for s = 1/2, and the Weinberg-Shay-
Good equation for s = 1 inter alia [31], a universally ac-
cepted, single-particle equation does not exist for higher-
spin particles.
The most widely employed method of modeling free,
massive particles of arbitrary spin s is he use of the
Bargmann-Wigner equations [20]. We now show how
these equations are used to construct the relativistic
equations and corresponding state space of solutions for
the case of massive particles of spin s > 1 and fixed
three-momentum p.
B. Massive relativistic particles of arbitrary spin
The Bargmann-Wigner equations model free massive
particles of arbitrary spin s as being composed from 2s
spin- 12 “primitives” [20]. The idea behind the Bargmann-
Wigner construction can be more easily understood by
considering the same situation in non-relativistic quan-
tum mechanics.
Consider the case of 2s spin- 12 systems in standard
non-relativistic quantum mechanics. One can describe
any state of such a system in two equivalent ways. One
description is as a tensor product of states of each of the
2s systems in the uncoupled basis. The other description
uses the standard rules for addition of angular momenta
to construct the coupled basis {|J,m, α〉}. Here J0 ≤ J ≤
s is the total angular momentum of the 2s systems (with
either J0 = 0 if s is an integer or J0 = 1/2 otherwise),
−J/2 ≤ m ≤ J/2 is the projection of the total spin of
the 2s systems on the z axis, and α is the degeneracy
(multiplicity) index that indicates the number of ways
2s spin- 12 systems can be coupled to produce a single
spin-J system. The Clebsch-Gordan transform connects
these coupled and uncoupled bases [32].
In the coupled basis description of the 2s quantum
systems, the subspace with J = s, known as the totally
symmetric subspace, is a 2s+ 1-dimensional space, with
orthonormal basis
{|s,M〉}sM=−s , (41)
which can be thought of as the state space of a spin-
s particle. If each spin- 12 primitive is a positive energy
solution of the Dirac equation (i.e., the spin- 12 primitive
is described by the state |u,±1/2,p = 0〉 where p = 0
implies that the solution is with respect to the particle’s
rest frame), the symmetric subspace generated by such
2s systems corresponds to the positive energy solution of
a particle with spin s. In other words
|u,M,p = 0〉 , M ∈ (−s, . . . , s) (42)
where again the solutions are with respect to the rest
frame of the spin- 12 primitives. By a similar argument
the totally symmetric subspace of 2s spin- 12 negative-
energy solutions of the Dirac equation corresponds to the
negative energy solution of a particle with spin s.
The Bargmann-Wigner construction utilizes the idea
outlined above to construct both equations and solutions
that describe relativistic particles of arbitrary spin. As
each spin- 12 primitive satisfies the Dirac equation, a spin-
s particle satisfies a set of such 2s individually indexed
Dirac equations. Furthermore, as each spin- 12 primitive
6is Lorentz covariant (by virtue of the Dirac equation
being Lorentz covariant), the spin-s particle also satis-
fies Lorentz covariance provided the 2s-fold tensor prod-
uct representation of the Lorentz group is restricted to
the permutationally symmetric subspaces of positive- and
negative-energy solutions, respectively.
The Bargmann-Wigner construction leads to a set of 2s
individually indexed Dirac equations, one for each spin-
1
2 primitive, whose positive- and negative-energy solu-
tions describe particles and antiparticles of spin s. Using
Eq. (39) we proceed to construct a unitary representa-
tion of the Klein group which, upon restriction to the
subgroup {1, CPT }, yields a unitary representation of
the CPT operator.
Specifically, for a spin-s system the unitary CPT op-
erator is a 4(2s + 1) × 4(2s + 1) matrix with 1s in its
anti-diagonal. We illustrate our method with the sim-
plest case of constructing a relativistic, massive spin-1
particle out of two massive spin- 12 primitives. The latter
satisfy the Dirac equation
(i~γµ∂µ +mc)ψ = 0 (43)
for Dirac matrices
γ0 =
(
1 0
0 −1
)
, γj =
(
0 σj
−σj 0
)
(44)
with σj |j∈(1,2,3) the Pauli matrices.
For a given three-momentum p the solutions to
Eq. (43) form an eight-dimensional space spanned by
{∣∣±u1/2,±1/2,±p〉}, (45)
where the states {∣∣u1/2,±1/2,±p〉} correspond to par-
ticle states and {∣∣−u1/2,±1/2,±p〉} correspond to an-
tiparticle sates. Using the Bargmann-Wigner construc-
tion the state space of a massive (anti-)particle of spin 1
of definite three-momentum p is spanned by
|±u1, 1,±p〉 :=
∣∣±u1/2, 1/2,±p〉⊗ ∣∣±u1/2, 1/2,±p〉
|±u1, 0,±p〉 := 1√
2
(∣∣±u1/2, 1/2,±p〉⊗ ∣∣±u1/2,−1/2,±p〉+ ∣∣±u1/2,−1/2,±p〉⊗ ∣∣±u1/2, 1/2,±p〉) (46)
|±u1,−1,±p〉 :=
∣∣±u1/2,−1/2,±p〉⊗ ∣∣±u1/2,−1/2,±p〉 .
Note that states that are linear superpositions of p and
−p are forbidden as such states describe a spin-1 particle
of indefinite three-momentum.
The CPT transformation acting on the state space de-
scribing the solutions of massive, relativistic, spin-1 sys-
tems is represented as a 4(2 ·1+1)×4(2 ·1+1) = 12×12
matrix with ones on the anti-diagonal. As overall phases
can be ignored the 12 × 12 matrices {1, CPT } form a
projective representation of Z2 [24].
C. State space for massless particles of arbitrary
spin
We now carry out the Bargmann-Wigner construction
for the case of relativistic massless particles. As we show
below, for massless particles, chirality is a Lorentz in-
variant quantity. However, as the chirality of the mass-
less spin-s particle, as well as the chirality of each of the
constituent, massless spin- 12 primitives must be Lorentz-
invariant, we show that the state space of a massless par-
ticle is eight-dimensional irrespective of its spin.
Unlike for massive particles, no frame of reference ex-
ists such that p = 0 for massless particles. Instead we
choose the z axis of the particle to be co-linear with the
direction of the momentum such that
(pµ) = (p0, 0, 0, p) = (p0,p). (47)
The Dirac equation for a massless spin- 12 particle whose
momentum is given by Eq. (47) reads
i~γ0γ3∂0∂3ψ = 0, (48)
and the state space of solutions is again spanned by
{∣∣±u1/2,±1/2,±p〉}. The fact that the particles are
massless means that if ψ is a solution of Eq. (48), so
is γ5ψ, where γ5 := iγ0γ1γ2γ3 is the chiral operator and
can be shown to satisfy
[
γ5, σαβ
]
= 0 ∀α, β, σαβ = i
2
[γα, γβ]. (49)
If the algebra of Dirac operators is irreducible, then
Schur’s lemmas imply that the only matrix that com-
mutes with every Dirac operator is a multiple of the iden-
tity [24].
As γ5 is not a multiple of the identity, the Dirac oper-
ators can be further reduced into their irreducible com-
ponents. Consequently, the state space of solutions of
Eq. (48) can also be decomposed into irreducible sub-
spaces. The irreducible subspaces of the state space of
7solutions of Eq. (48) are the eigenspaces of the projection
operators
ψL = 1/2
(
1− γ5) ,
ψR = 1/2
(
1+ γ5
)
. (50)
The ψL and ψR eigenstates of Eq. (50) are known as Weyl
spinors with left- and right-handed chirality respectively.
Each Weyl spinor obeys Eq. (48). Assigning ∂i = pi,
γ0γi = γ5Σi, with
Σi ≡ iǫ
ijk
2
[γj, γk], (51)
and some algebra Eq. (48) for each Weyl spinor reads
i~
(
γ5 − Σ · p|p|
)
ψL(R) = 0. (52)
The quantity Σ·p|p| is known as the helicity of the spinor.
For massless spin- 12 particles helicity is equal to chirality.
Thus, the solutions to the Dirac equation for a massless
spin- 12 system can be described as follows. A positive-
energy (negative-energy) solution, corresponding to a
particle (antiparticle), can have either positive or neg-
ative helicity. The latter requirement fixes the allowable
solutions to
|u, 1/2,p〉 , |u,−1/2,−p〉 (53a)
|u,−1/2,p〉 , |u, 1/2,−p〉 (53b)
|−u, 1/2,p〉 , |−u,−1/2,−p〉 (53c)
|−u,−1/2,p〉 , |−u, 1/2,−p〉 . (53d)
Equation (53a) describes a massless spin- 12 particle with
positive helicity, whereas Eq. (53b) describes a a mass-
less spin- 12 particle with negative helicity. Likewise,
Eqs. (53c) and (53d) describe an antiparticle with posi-
tive and negative helicity respectively.
Now we use the Bargmann-Wigner construction to
construct a massless spin-s system out of 2s massless
spin- 12 systems. Using the Bargmann-Wigner construc-
tion, a massless spin-s particle and antiparticle are de-
scribed by the symmetric subspace of 2s massless spin-
1
2 particles and antiparticles respectively.
Each massless spin- 12 primitive has the same rest
frame. We require that valid states be definite eigen-
states of p, and
Sz =
∑
i
σ(i)z , (54)
as well as of the total chirality operator
Γ5 =
∑
i
γ5i . (55)
However, as chirality for massless particles is a Lorentz
invariant quantity, we require that the chirality of each
individual constituent, be preserved. This latter require-
ment restricts the allowable states for a massless, spin-s
system to those for which Sz = ±s as the next lemma
shows.
Lemma 1. Let
{∣∣u1/2,m, pz〉}1/2m=−1/2 (56)
be the state space of a massless spin- 12 primitive, with
p = pz and m the angular momentum projection onto
the z axis. Also let
{|us,M, pz〉}sM=−s (57)
represent the totally symmetric subspace of 2s such mass-
less spin- 12 primitives. The only states in the totally sym-
metric subspace for which exist stationary states of the
local chirality operator γ5i for all i are the states
{|us,±s, pz〉} . (58)
Proof. We begin by first showing that the states of
Eq. (57) have definite total chirality, i.e., are eigenstates
of Γ5. We then show that the only non-entangled states
in the set of states of Eq. (57) are the states withM = ±s
and that these states are the only states which, upon trac-
ing all but the ith system, result in an eigenstate of the
local chirality operator γ5i for all i.
From the theory of angular momentum [33] the sym-
metric state |us,M, pz〉 with M = s− 2k can be written
as
|us,M, pz〉 = 1√(
s
k
)
∑
π∈Ss
π
(∣∣u1/2, 1/2, pz〉⊗(s−k)
⊗ ∣∣u1/2,−1/2, pz〉⊗k
)
(59)
with |a〉⊗2 := |a〉⊗|a〉, and the sum in Eq. (59) is over all
permutations π ∈ Ss of 2s objects that result in a unique
re-ordering of the 2s systems.
As each summand in Eq. (59) contains s−k eigenstates
of γ5i with +1/2 eigenvalue, and k eigenstates of γ
5
i with
−1/2 eigenvalue
Γ5 |us,M, pz〉 =M |us,M, pz〉 . (60)
Hence, the states of Eq. (57) are eigenstates of Γ5 with
eigenvalue M .
We now determine the state of one of the constituent
massless spin- 12 systems by tracing out all the remaining
spin- 12 systems in Eq. (59). Without loss of generality
we may choose to keep the first system in Eq. (59). For
any given M in Eq. (59) the first massless system is in
the state
∣∣u1/2, 1/2, pz〉 ( s−1s−k−1) times, and in the state∣∣u1/2,−1/2, pz〉 (s−1k−1) times. Hence the reduced density
matrix, ρ1, for the first massless system can be easily
shown to be given by
ρ1 =
(
s−1
s−k−1
)
(
s
k
) |u1/2, 1/2, pz〉〈u1/2, 1/2, pz|
+
(
s−1
k−1
)
(
s
k
) |u1/2,−1/2, pz〉〈u1/2,−1/2, pz|. (61)
8Whereas we have computed the reduced density matrix
only for the first massless system, Eq. (61) is true for any
massless spin- 12 system as all states we are considering are
permutationally symmetric.
Now ρ1 is pure if and only if k = 0 or s, which corre-
spond to M = ±s, or else ρ1 is mixed. As the entropy
of the reduced density matrix of a system is a measure
of entanglement, it follows that the states |us,±M,pz〉
for M = ±s are separable, whereas all other states are
entangled.
We now show that the only states that satisfy local
invariance of chirality are the states with M = ±s. As
each massless spin- 12 system has the same rest frame,
and as the chirality of each constituent system is a con-
served quantity, it follows that the only allowable states
in the symmetric subspace are those for which the re-
duced states ρi are eigenstates of γ
5
i with a definite eigen-
value for all i. From Eq. (61) this occurs only for the
states given by Eq. (57). This completes the proof. 
Lemma 1 shows that there are only two allowable states
for a massless spin-s particle of definite momentum p.
Similarly a massless spin-s antiparticle of definite three-
momentum, p, can only possess two possible spin states.
Taking into account that each massless particle and an-
tiparticle can have momentum p or −p the space de-
scribing all possible valid states of a massless spin-s sys-
tem using the Bargmann-Wigner construction is eight-
dimensional, independent of the spin of the system. The
corresponding CPT operator is represented by an 8 × 8
matrix with ones on the anti-diagonal. These matrices
{1, CPT } form a projective representation of Z2.
Let us illustrate our construction for the simplest case
of building a massless spin-1 system out of two massless
spin- 12 primitives. Thus, the state space of spin-1 parti-
cles is spanned by
|u1,±1,±p〉 :=
∣∣u1/2,±1/2,±p〉⊗ ∣∣u1/2,±1/2,±p〉
(62a)
|u1,∓1,±p〉 :=
∣∣u1/2,∓1/2,±p〉⊗ ∣∣u1/2,∓1/2,±p〉 ,
(62b)
where Eq. (62a) describes particles with positive helic-
ity, whereas Eq. (62b) describes particles with negative
helicity. The corresponding states for the antiparticle
are obtained by replacing u1/2 with −u1/2 in Eqs. (62a)
and (62b).
Note that a massless spin-1 particle can have its spin,
which corresponds to polarization, either parallel or anti-
parallel to its direction of motion, representing states of
positive and negative helicity respectively. The lack of
longitudinal polarization arises naturally in this construc-
tion from the fact that the state
|u1, 0,p〉 := 1/2
(∣∣u1/2, 1/2,p〉⊗ ∣∣u1/2,−1/2,p〉
+
∣∣u1/2,−1/2,p〉⊗ ∣∣u1/2, 1/2,p〉)
is an eigenstate of Γ5, but not of γ51 or γ
5
2 .
Finally, the 8×8 matrices {1, CPT } form a projective
representation of Z2. The eigenstates of CPT physically
correspond to linear superpositions of states with oppo-
site helicity. We remark that the construction given here
gives rise to the same state space and CPT operator as
the construction in [19], where the state space and cor-
responding CPT operator were obtained by considering
the Bia lynicki-Birula–Sipe equation [34–40].
Thus far we have proven that our construction of the
CPT operator is unitary only on the sub-basis defined
by a definite value three-momentum p. In the next sub-
section we extend the domain of the CPT operator to
the generalized functions of p, thereby proving that this
extension retains unitarity.
D. Extending CPT to general three-momentum
support
In this subsection we show that the CPT operator con-
structed in Sec. III A is well defined even with support
over a generalized function of p. Our strategy is first
to consider the action of the CPT operator on the test
functions in Φ and then to extend the operator to the
continuous basis in Φ∗. We next derive the unitarity of
the extension of CPT from the unitarity of its reduction
on the test functions. Finally, we show how the projec-
tions of the CPT operator onto subspaces of fixed p are
each unitary but normalized by the delta function.
The inner product of an arbitrary state |φ〉 ∈ Φ and
distribution 〈u, s,p| ∈ Φ∗ is
〈u, s,p|φ〉 = φ(u, s,p), (63)
which is a smooth, rapidly decreasing test function such
that ∫
R3
dp |pnφ(u, s,p)|2 <∞. (64)
for all n = 0, 1, 2, . . . [41]. The function φ(u, s,p) is the
complex amplitude of finding the physical system in state
u, with spin s, and three-momentum p. The state |φ〉
can be expanded in terms of the continuous basis states
{|u, s,p〉} in the space of distributions Φ∗ as
|φ〉 =
∑
u,s
∫
dp φ(u, s,p) |u, s,p〉 (65)
Consider the reduction of the (CPT )Φ operator on the
nuclear space Φ and its action on a test function |φ〉.
From Eq. (65), we obtain
〈u, s,p| (CPT )Φ |φ〉 = eiθCPTu,s,pφ(−u,−s,−p). (66)
We can extend the CPT operator to the space Φ∗ of
distributions via
〈
(CPT )†(u, s,p)|φ〉 := 〈u, s,p| (CPT )Φ |φ〉 , (67)
9which, together with Eqs. (66) and (63), yield the formal
extension [41, 42]:
|u, s,p〉 (CPT )† = e−iθCPTu,s,p |−u,−s,−p〉 , (68)
Note that (CPT )Φ is continuous and unitary in the nu-
clear space Φ. As the latter is dense in H , the operator
can be extended to a unitary operator in H , and the ad-
joint of such an operator on Φ∗ has a complete system of
generalized eigenvectors in the rigged Hilbert space [30].
The unitarity of (CPT )Φ on Φ implies that
(CPT )† (CPT )Φ = 1Φ, (69)
where 1Φ is the identity operator in Φ.
Given that the space Φ∗ is a vector space in its own
right, we can likewise define the action of the CPT-
operator on the kets labeled by |u, s,p〉 from Eq. (68)
as
CPT |u, s,p〉 = e+iθCPTu,s,p |−u,−s,−p〉 (70)
(or, equivalently, we could have followed a similar deriva-
tion from the restricted adjoint operator (CPT )†Φ in-
stead). Finally, we can restrict the resulting CPT op-
erator (over Φ∗) to the subspace spanned by basis states
with fixed magnitude of momentum equal to |p| as
(CPT )p :=
∑
u,u′,s,s′
∑
p′=±p
〈u, s,p|CPT |u′, s′,p′〉
× |u′, s′,p′〉〈u, s,p|. (71)
As the CPT transformation does not mix test functions
evaluated at different |p| among each other, and thus
cannot be used to create linear superpositions of basis
elements |u, s,p〉 associated with different |p|, the uni-
tarity of the CPT operator carries over to its reduction
(CPT )p. In particular, we have
(CPT )p′ (CPT )
†
p = δ(p− p′)1, (72)
and each (CPT )p is, by itself, unitary on the subspace
spanned by basis states with fixed |p|.
IV. CPT RESOURCE THEORY FOR A CPT
FRAME OF REFERENCE
In this section we formulate the resource theory asso-
ciated with the lack of a reference frame for matter and
antimatter. Specifically, we distinguish CPT resource
states from non-resource states. In addition we quantify a
physical system’s ability to act as a CPT reference frame
using an information-theoretic, operational measure that
assigns zero frameness to non-resource states and estab-
lishes a consistent, unambiguous hierarchy among all re-
source states.
In Sec. II we showed that an SSR is equivalent to the
lack of a reference frame that is associated with a sym-
metry with respect to a group G of transformations. If
G = Z2 then, as we showed in Sec. III, the representation
{1, CPT } is a unitary representation of Z2 on the space
of distributions Φ∗.
As CPT transforms matter into antimatter and vice
versa, the representation {1, CPT } describes the trans-
formations of a reference frame associated with matter
and antimatter. Therefore, a CPT-SSR is associated
with the lack of a common reference frame for matter
and antimatter.
Due to Schur’s lemmas [24], unitary representations of
finite groups can be fully reduced into their irreducible
representations (IRs). In particular, Z2 has two one-
dimensional IRs given by ±. As CPT-SSR implies that
coherent superpositions between eigenstates of the CPT
operator cannot be observed [14], the space of distribu-
tions Φ∗ of any system subject to CPT superselection
may conveniently be written as
Φ∗ ∼=
⊕
ǫ∈{±}
Φ∗(ǫ), (73)
with IR label ǫ denoting the two inequivalent IRs of Z2,
and Φ∗(ǫ) denoting the corresponding eigenspaces.
Equation (73) is identical to Eq. (8) with H replaced
by the space of distributions Φ∗, which is a (continu-
ous) sum of all Φ∗p. Thus, the space of distributions is
partitioned into Φ∗(±) corresponding to the eigenspaces
spanned by the distributions of CPT eigenvectors with
positive and negative eigenvalues, respectively.
The states that can be prepared in the absence of a
CPT frame of reference, the non-resource states, are test
functions that belong in either Φ(+) or Φ(−), which are
dual to the spaces Φ∗(+) or Φ∗(−), respectively. Hence, a
linear superposition of eigenstates of CPT is a resource
and can be brought, via CPT invariant operations, to the
standard form
|ψ〉 = √q0 |+〉+√q1 |−〉 , q0 ∈ [0, 1], q1 = 1− q0, (74)
with |±〉 arbitrary states from Φ(±).
The important point is that the state in Eq. (74) is
a superposition of two states chosen from two Z2 IR la-
bels ±. For simplicity we can consider the state as being
in a fixed momentum state, i.e., a plane wave. As a per-
fect plane wave is unphysical, a more realistic treatment
would have the state prepared in a wavepacket with sup-
port over a continuum of momentum values p.
We now introduce a frameness monotone, the align-
ment rate R(ψ), to quantify the resourcefulness of
the state |ψ〉 in Eq. (74). The alignment rate is an
information-theoretic, operational measure that quanti-
fies the average amount of classical information about a
matter-antimatter reference frame in a reference-frame
alignment protocol [43].
For reference frame alignment, two parties—Alice and
Bob—each possessing their own matter-antimatter ref-
erence frame, seek to align their corresponding refer-
ence frames by exchanging the appropriate quantum-
mechanical systems. For this purpose, Alice prepares N
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copies of a quantum system in an initial state, |ψ(g)〉 , g ∈
G, which contains information about her reference frame.
She sends N copies of this system to Bob who performs
a measurement relative to his frame of reference.
Bob’s measurement outcome g′ ∈ G serves as a guess
for Alice’s reference frame. The success of the protocol
is quantified by a suitable figure of merit, f(g, g′). Our
goal is to determine the state |ψ〉 prepared by Alice, and
the measurement performed by Bob, such that f(g, g′) is
maximized.
As the symmetry group corresponding to a matter-
antimatter reference frame is Z2, reference frame align-
ment amounts to Alice and Bob determining which g ∈
Z2 relates their corresponding frames of reference. If
the states |ψ〉⊗N and (CPT |ψ〉)⊗N are orthogonal, then
there exists a measurement that perfectly distinguishes
them. Hence, upon performing such a measurement, Bob
can infer with certainty which g ∈ Z2 relates his and Al-
ice’s reference frame.
Greater distinguishability between |ψ〉⊗N and
(CPT |ψ〉)⊗N implies more classical information can be
accessed by Bob about g ∈ G. Thus, a figure of merit
should be a function that quantifies the amount of infor-
mation Bob learns about Alice’s frame of reference. The
alignment rate [43] quantifies the amount of information
Bob learns, on average, about Alice’s frame of reference
per copy of the state |ψ〉 in the limit that Alice transmits
asymptotically many copies.
For the unitary representations of Z2, the alignment
rate is [43]
R(ψ) = −2 log |q0 − q1| . (75)
For non-resource states, i.e., for the CPT eigenstates
with either q0 or q1 equal to zero, R = 0 indicating that
these states carry zero frameness. Furthermore, for non-
resource states, the alignment rate is a monotonically
increasing function and is effectively infinite for states
with q0 = q1 = 1/2. The latter are perfect tokens of
a matter-antimatter reference frame as, in this case, the
pair of states {|ψ〉 , CPT |ψ〉} are perfectly distinguish-
able by suitable measurements. Such perfect tokens cor-
respond, for example, to forward propagating particles
with internal symmetry, u and spin s.
In the next section we demonstrate that Alice and Bob
can even perform quantum information processing in the
absence of a shared matter-antimatter reference frame,
and without the need to establish such a shared frame of
reference.
V. QUANTUM INFORMATION WITHOUT A
COMMONLY SHARED MATTER-ANTIMATTER
FRAME OF REFERENCE
In this section we show that quantum information pro-
cessing can be performed despite a CPT-SSR by exploit-
ing the degeneracy of the ±1 eigenvalues of the CPT
operator. Similar to the cases of spin-0, 12 , and 1 [19], we
consider the case that Alice prepares a linear superposi-
tion of +1 eigenstates of the CPT operator for a massive
spin-s system, i.e.,
|ψ〉 =
2(2s+1)∑
j=0
αj |+, j,p〉 , (76)
where the states {|+, j,p〉}2(2s+1)j=0 span the 2(2s + 1)-
dimensional eigenspace corresponding to the +1 eigen-
value of the CPT operator. As this state is a CPT eigen-
state for all αj ∈ C, Bob’s state is represented exactly
the same as Alice’s. Choosing the coefficients αj appro-
priately, Alice can encode log2 2(2s+ 1) logical qubits of
information, which Bob can retrieve by an appropriate
decoding without having to pre-establish a shared frame
of reference for matter and antimatter. Note that if Alice
and Bob use massless spin-s systems, then the same pro-
tocol as above allows Alice to transmit log2 4 = 2 qubits
of information regardless of the spin of the massless par-
ticle.
The ability to encode and decode information in the
manner described in Eq. (76) arises purely from the de-
generacy of the ±1 eigenvalues of the CPT operator.
Specifically, recall that by Eq. (73) the space of distri-
butions Φ∗ can be conveniently decomposed into a direct
sum of spaces Φ∗(±). Furthermore, each such subspace
can be decomposed into a virtual tensor product
Φ∗(±) =M∗(±) ⊗N ∗(±), (77)
where M∗(±) is the space upon which the IRs T (±),
present in the representation T of Z2, act, and N ∗(±)
is the space upon which the trivial (identity) representa-
tion of Z2 acts. Note that the spaces M∗(±) and N ∗(±)
do not correspond to physical systems, which is why the
tensor product in Eq. (77) is called a virtual tensor prod-
uct [44].
As Z2 has only two IRs, both of which are one dimen-
sional, the dimension ofM∗(±) is 1. Thus, the dimension
of the space N ∗(±) is equal to the degeneracy of the ±
eigenvalues of CPT .
As CPT acts trivially on the subspaces N ∗(±), such
subspaces are known as decoherence-free, or noise-
less, subspaces [45] and have been used extensively
in quantum information for constructing error-avoiding
codes [46]. The amount of quantum information that can
be encoded in such decoherence-free subspaces is equal to
the logarithm of their dimension. Hence, as long as the
CPT operator contains at least one degenerate eigen-
value in its spectrum, quantum information processing
can be performed even with a CPT-SSR.
VI. CONCLUSION
We have studied CPT SSRs and developed a general
theory of CPT frameness that greatly extends our prior
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work on CPT frameness [19]. Our earlier study was re-
stricted to particles with spin s ≤ 1 and assumed that
non-normalizable states had some precise value of three-
momentum. Here we employ the Bargmann-Wigner ap-
proach to develop a procedure for constructing a unitary
CPT operator for any spin s and any generalized three-
momentum. We show that this CPT operator is always
unitary, and that its isomorphism to Z2 leads to single-
qubit resource states.
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